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Abstract We present a high-order spectral element method for solving layered me-
dia scattering problems featuring an operator that can be used to transparently
enforce the far-field boundary condition. The incorporation of this Dirichlet-to-
Neumann (DtN) map into the spectral element framework is a novel aspect of
this work, and the resulting method can accommodate plane-wave radiation of
arbitrary angle of incidence. In order to achieve this, the governing Helmholtz
equations subject to quasi-periodic boundary conditions are rewritten in terms of
periodic unknowns. We construct a spectral element operator to approximate the
DtN map, thus ensuring nonreflecting outgoing waves on the artificial boundaries
introduced to truncate the computational domain. We present an explicit formula
that accurately computes the Fourier coefficients of the solution in the spectral
element discretization space projected onto the boundary which is required by
the DtN map. Our solutions are represented by the tensor product basis of one-
dimensional Legendre-Lagrange interpolation polynomials based on the Gauss-
Lobatto-Legendre grids. We study the scattered field in singly and doubly layered
media with smooth and nonsmooth interfaces. We consider rectangular, triangular,
and sawtooth interfaces that are accurately represented by the body-fitted quadri-
lateral elements. We use GMRES iteration to solve the resulting linear system,
and we validate our results by demonstrating spectral convergence in comparison
with exact solutions and the results of an alternative computational method.
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1 Introduction

Scattering problems involving layered media arise in many engineering applications
in electromagnetics, optics, and acoustics. Over the years, robust and accurate
simulation capability has received increased attention as a cost-effective tool for
predictive measurement and analysis of modern physical systems. Highly accurate
boundary treatment and flexibility to treat complex geometries are essential for
solving layered media scattering problems arising in a broad range of applications.

Many competing numerical methods have been developed for these scattering
problems, such as the boundary integral and boundary element methods [1,2].
These surface methods require discretization only at the layer interfaces, thus sig-
nificantly reducing the number of unknowns to compute. With the correct choice
of the Green’s function, the far-field boundary conditions can be enforced exactly,
and these methods can deliver highly accurate solutions with reduced operation
counts. Such methods face a number of drawbacks, however, including the fact
that inhomogeneities away from the layer interfaces cannot be accommodated and
high-order accuracy can be realized only with specially designed quadrature nodes,
because of singularities in the Green’s function. Moreover, these methods typically
give rise to a dense linear system of equations whose solution requires precondi-
tioned iterative methods featuring accelerated matrix-vector products (e.g., fast
multipole methods [3]).

As an alternative, boundary perturbation methods have been explored. Bruno
and Reitich studied the method of field expansions [4-6], and Milder studied the
method of operator expansions [7,8,10-12,9]. These methods also pose surface
unknowns, thereby enjoying the favorable operation counts of surface integral
methods, while avoiding the subtle quadrature rules, dense linear systems, and
algorithms for matrix-vector product acceleration. However, these algorithms de-
pend on strong cancellations that can result in ill-conditioning [17-19]. Nicholls
and Reitich proposed an enhanced boundary perturbation algorithm, referred to
as the method of transformed field expansions (TFE) [20,13], which does not rely
on strong cancellations. In this approach, the resulting recursions can be used for
a direct, rigorous demonstration of the strong convergence of the relevant pertur-
bation expansions in an appropriate function space. Furthermore, these formulas
were proven to be a stable and accurate numerical scheme for simulating scattering
problems defined on layered periodic gratings. This was later generalized to the
case of irregularly bounded obstacles [14,15], multiply layered media for vector
electromagnetic scattering [21], and a rigorous numerical analysis was provided
in [13]. However, this method is limited when complex geometries and nonhomo-
geneous media are considered.

To address the limitations of these boundary methods, we consider a high-order
spectral element method for layered media problems [22]. Of particular interest,
in this paper we describe for the first time how a boundary operator, which trans-
parently enforces the far-field boundary condition, can be incorporated into the
spectral element framework. This is very much in the spirit of the DtN-FE method
of Han and Wu [23] and Keller, Givoli, and Grote [24-29] and Nicholls and Nigam
[30-32]. The relevant operator is the Dirichlet-to-Neumann (DtN) map [17-19],
which, in our formulation, produces the normal derivative of the truncated Fourier
series of the Dirichlet data on an artificial boundary introduced to truncate the
computational domain [20]. We present a novel formula for computing the Fourier
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data in spectral element discretization space, in particular, we consider incident
waves at arbitrary angles impinging on various types of periodic gratings, result-
ing in quasi-periodic solutions of the scalar Helmholtz equation. We rewrite our
governing equation in a form that eliminates the quasi-periodicity and solve the
reformulated scalar Helmholtz equation with periodic, Dirichlet, and transparent
boundary conditions. We solve various example problems and demonstrate our
computational results with validation. We note that the resulting linear system
is not Hermitian positive definite and thus we resort to the generalized minimum
residual (GMRES) method [36] for its solution.

This paper is organized as follows. In Section 2, we define the governing equa-
tions for our model problems and provide formulations. Section 3 discusses the
spectral element discretization, while Section 4 presents the computational results
and their validation. Section 5 summarizes our conclusion.

2 Problem Formulation

A downward-propagating time-harmonic incident plane wave of frequency w can
be expressed in complex form as

Uinc(x,y,t) _ Uinc(I,y)e_th _ eifc'xe—iwt _ ei(ax—ﬁy)e—iwt,

where the wave vector kK = (a, —3) with 8 > 0 defines the propagation direction.
This will solve the scalar wave equation in a homogeneous medium with velocity
C7
0*U
otz
if |k|? = o? + % = w?/c? =: k%. More generally, time-harmonic solutions of (1)
can be written as

— AU =0, (1)

and the reduced field U(z, y) satisfies a scalar Helmholtz equation at each frequency
w:
AU + KU = 0. (2)

To consider polychromatic waves, one can simply sum over different frequencies:
_ 1 o0 it
U(z,y,t) = o /_Oo e U (z,y) dw.
Thus it suffices to work in the “frequency domain” by solving the Helmholtz equa-
tion as we do here.
2.1 Model Problems

In this paper we focus on singly and doubly layered media in two spatial dimensions
as shown in Figure 1. We define the unbounded domains,

25 ={y>g()} and 25 ={y<g(2)}, (3)
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with wave numbers k¥ = w/ci in ng, respectively. For the layer interface we
consider a bounded, measurable, d—periodic function g(z+d) = g(z) which specifies

Iy ={(z,y) e R*|y = g(z)} (4)

that gives the shape of the d-periodic grating structure. Here we note that the
total reduced field is quasi-periodic [35]:

Uz +d,y) = U (z,y).

For the single-layer model shown in Figure 1(a), a homogeneous Dirichlet boundary
condition is specified on I'y, denoted I'p, and the scattered waves must be outgoing
as y — +o0o. The Dirichlet boundary can be interpreted as an impenetrable lower
layer medium while the single-layer would be interpreted as the upper layer having
most of scattering phenomena. Thus the single-layer model can be also considered
as double-layered medium. For the double-layer model shown in Figure 1(b), the
total field is required to be continuous across the scatterer interface I'y, and the
scattered waves must be outgoing as y — Foo.

These model problems can be described by the Helmholtz equation with proper
boundary conditions as follows.

oulgoing wave condition T*(y =b) outgoing wave condition T*(y =5)

Q Kt Q' K

%(u‘—ﬁ] %ta,—ﬂl

L (y=g(x) T (y=g@x)
d
Q k-
outgoing wave condition I'"(y =a)
Q! :
e
(a) Model 1: single layer (b) Model 2: double layer

Fig. 1 Geometric illustration of the model problems.

Model 1. The total field U in the single layer 2o := (23' satisfies

AU+ kU =0 on (2, (5)
Uz +d,y) = U (z,y) on £, (6)
U(z,y) =0 on Ip. (7
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Model 2. The total field U in the double layer 2¢ := QO+ U £2, satisfies
AU+ KU =0 on {2, (8)
Uz +d,y) = *U(z,y) on {2, (9)

where k = kT on Qg:.

2.2 Periodic Formulation

In normal incidence (o = 0) the solution U is z-periodic, however, for oblique
incidence (a # 0) the solution is quasi-periodic in the z-direction. In our algorithm
implementation, it is more convenient to handle periodic boundary conditions.
Thus we introduce a new variable u by

u(,y) = e U (z,y), (10)
where u is periodic for any « from the fact that
u(@ +d,y) = e VU (@ 4 dy) = e EFVN (2,y) = u(a,y).
Plugging (10) into Egs. (5) and (8), we find

du

ox

We note that the first-order derivative term in Eq. (11) results from the quasi-
periodicity of the solution U with « # 0. This quasi-periodic term introduces new
operators to our formulation in addition to the usual Helmholtz operator.

Au+ (K — a?)u + 2ia— = 0. (11)

2.3 Transparent Boundary Conditions

Separation of variables applied to the Helmholtz equations yields the following
periodic solutions, which are valid away from the interface (outside the grating
grooves):

o0
ut (z,y) = Z {Apemgy + Bpe_iﬂiy} ei(a"_a)x, (12)
p=—00
where ap = a + %%p and (,b’gt)2 = (k%) - ap for integer p. Defining the set of
propagating modes
K* = {pEZ \ (ki)Q—a12,>0},

we have
BE =\ /(k*)2—a2, peK®E and Bi =i\/ad—(k*)?, pgK*

Assuming incident plape—wave radiation Ujpe = eler=Py) in _Qa' and Ujpe = 0 in
25, we have ujn = e 18Y in Q(J)r and uinc = 0 in £2; . The total field thus u can be
expressed as

(13)

) Uine + ujcat in (23'
Uscat m ‘QO
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The scattered field is also of the form (12); however, the outgoing wave condition
eliminates either Ay, or Bp, so that

o) o)
+ j : A~ i(ap—a)z _iBly - _ ~— i(ap—a)x_—if_y
Uscat = uscat,pe P e rY, Uscat = uscat,pe P € P, (14)

p=—00 p=—00

which are the well-known Rayleigh expansions [33,16].

Now, we discuss a boundary operator that enforces the outgoing wave trans-
parently at a boundary at finite distance from the interface. Consider the model
problems defined on the finite computational domains, as shown in Figure 1:

Ot ={g(z) <y<b 0<z<d} and 2 ={a<y<g(z), 0<xz<d}

Here we define a hyperplane I' = {(z,y) € R?, 0 <z <d, y = ¢*} such that
I'nI’y = 0, where the constant ¢* can represent either a or b for our model problems.
Without loss of generality we focus on ¢* = b in 2% and drop the 4 superscript.
Taking the normal derivative of uscat on I', we define the operator T' by

Ouscat

on

T[uscat] ‘y:c* = ‘y:c* =0 Visear |y:c* )
where n = (ng,ny) is the outward unit normal vector. From (14), the Dirichlet-to-
Neumann (DtN) map T can be expressed as

oo

0 L T 5 o
Tluscat] |y=c+=ny u{;;at ly=c*= ny Z (lﬁp)usmt,pel(% )7 eifre ) (15)

p=—00

where n = (0,—1) is outward to {y > b}. We note that fiscat pe'?*¢ is related to
the one-dimensional Fourier coefficient of uscat on I'. Solutions of (11) and their
normal derivatives are continuous across I', and the DtN map enforces this feature
exactly by
T[u — tinc] = 76@ ar?mc)
or
Onu — Tu] = Oy (tinc) — Ttine] =: p.

2.4 Governing Equations

Defining I' =T ¢ 2f (ifc¢* =b)and I'” =T C 2 (if ¢* = a), we can summarize
our governing equations for our model problems as follows.

Model 1. For the single-layer case, with 2 = 2%, our governing equations are

Au+ (k% = a®)u + 2ia% =0 on £, (16)
T

u(z+d,y) =u(z,y) on (2, (17)

Onu—THu] =p on I'", (18)

u=0 on Ip. (19)
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Model 2. For the double layer case, with 2 = 27 U 2~ U Iy, our governing
equations are

Au+ (K —a?)u + 2ia% =0 on 2, (20)
u(z+d,y) =u(z,y) on (2, (21)
Onu—T u] =p on I'f, (22)
Onu—T [u] =0 on I'. (23)

2.5 Variational Formulation

In this section, we derive the variational formulations of our governing equations for
the model problems (16)—(19) and (20)—(23). Consider a test function v € Hpe, (£2)
where

Hper(2) :={p € H'(2) | p(x+d.y) = p(z,y) }, (24)

and H'(£2) is the classical Hilbert space of L?(£2) functions with one weak deriva-
tive in L?(£2). Multiplying (16) and (20) by v and integrating the results over 2,
whose boundary is denoted by 0f2, we have

/vu-vwn—/ n~VuUdS—/(k2—a2)uUdQ—/ 210 24540 = 0. (25)
7] o0 2 o Oz

The surface integrations with the boundary conditions applied on the single layer

are
/ n- VuudS = / T [u]odl — / podIl — / n - Vuwdl, (26)
a0 r+ r+ I'p

and those for the double layer are
/ n - VuodS = / T [u]odl - / podIl + / T~ [u]odI". (27)
o0 r+ r+ -

We seek a solution u € Hpe,(£2), shown to exist in [34], such that
a(u,v) = {p,v) for all v € H} e (2), (28)

where the sesquilinear form for each model is defined as follows.
Model 1. From (25) and (26), we have
a(u,v) = / Vu- Vo — (k% — o®)uv — QiQ%E an — / T [u]odr. (29)
[0 Oz r+
Model 2. From (25) and (27), we have

a(u,v) = /Q (w Vo — (K — o®)uv — 2ia%6> drzf/F+ T+ [u]ﬁdl"f/r_ T~ [u]odr.
(30)

The linear functional (-,v) in (28) is defined for both models as follows:

(p,v) = / pudl’.
I+
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In particular, we define the following notation for the volume integrations:
Au,v) = / Vu-Vud2, B(u,v)= / wdf?, C(u,v) / 2izan, (31)
0

and for the surface integrations:
T(u,v) = / Tlulodl,  Fpv) = / g’ (32)
r r+

Here I' = I't and T = T for the single-layer geometry, and I' = I't U I~ and
T = {TT, T~} for the double-layer case. We note that in the upper layer

o0

T(u,v) = ny Z iﬁpﬁp/ Ty
p=-00 r
=ny Z 1/3’pup/ e~idpTydy = Ny Z iBptipOp, (33)
p=—00 p=—00
where dp = 272 = a), — a in Eq. (15). On the other hand, we have
oo oo
T(v,u) =ny Z iBpUptp = ny Z (iBp)ip0p, (34)
p=—00 p=—00

so there is no easily identified symmetry in the operator T

3 Spectral Element Discretization

We denote our computational domain as 2 = UeEzl 2¢ where 2° represents nonover-
lapping body-conforming quadrilateral elements. Let us define a finite-dimensional
approximation space Vy C H'(£) such that Viy = span{¢;;(&, n)}f\szo. With
this choice of approximation space, we consider a local approximate solution
u®(z,y) € Viy, or simply u®, that has the representation

N

uf(z,y) = Z ugj Vi (€,m). (35)

i,j=0

The basis coefficients uf; are the nodal values u®(z;,y;) on ¢, and the ba-
sis ¥i(&,m) = £:(€)¢;(n), or simply ;;, has a tensor product form of the one-
dimensional Nth-order Legendre-Lagrange interpolation polynomials given as

4(6) = [N(N+1) 711 - ) LN(O/[(€ — &)Ln(&)] for £ € [-1,1],  (36)

based on the Gauss-Lobatto-Legendre (GLL) quadrature nodes &; with the Nth-
order Legendre polynomial Ly and its derivative L’y. We map each physical co-
ordinate (z,y) € £2¢ onto the reference domain (¢,7) € I = [~1,1]* through the
Gordon-Hall mapping [22] and formulate the computational scheme on the refer-
ence domain.
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1 1 1 1 2 2 2
U Uy Uy Uz Up Uy Uy U3

U= u U™ W™ Uyg Usg™ Ugg

(b) Global numbering (assembled representation)

Fig. 2 Illustration of a solution vector in a local numbering and a global numbering, using an
example mesh with (E, N) = (2,3): 2 = 21 U 2? and the GLL nodes (o).

Let us denote our numerical solution u on {2 by the vector

U= (UL, U, ooy Uy ooy Un) 7= (u',u?, .‘.,ue,...,uE)T, (37)

u = (uila u%a () ’U/? [ u?N+l)(N+1))T = (u(e)O? u?Ov () ufja (R3] u?VN)Ta (38)
where n = E(N + 1)? is the total number of basis coefficients, and [ = 1 + i +
JIN+1) 4+ (e—1)(N+1)2 and | = 1+ i+ j(N + 1) translate the two-index
coefficient representation into a vector form, with the leading index i. In Figure 2,
we show a mesh with two elements £ = 2 including the GLL grids for N = 3 on
2 = N'UN?. Figure 2(a) illustrates a local ordering of a solution vector u based on
the two-index expression in an unassembled representation for the coincident grids,
ud; = u; (i=0,...,3), appearing redundantly. In Figure 2(b), we demonstrate the
same solution vector in a global ordering in an assembled representation using only
the distinct nodes, denoted by

T
u=(uy, Uy, ..., up)" (39)

The size (7 < n) of the solution vector u in the assembled representation is re-
duced after eliminating the redundancy from the coincident grids. In practice, our
implementations are based on elementwise computations using the data structure
in the local ordering. The global ordering is used when it is more convenient to
describe our method in this paper.
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3.1 Stiffness Matrices

To obtain the stiffness matrix, we consider the following inner product in Eq. (31):

ey Oudv | Oudv
Au,v) = /QVu -Vud2 = /Q (81’ 3 T a—ya—y) as, (40)

where the partial derivatives are expressed by the chain rule for z = z(¢,n) and
y=y(&n) on 2

Dugn_ (S, duin) (smik dmon)

dxox \OEdx  Ondx) \ocdx ' onodx

_ Oudu ee  OudU Ly QuIU ey OudU ey
uov _ (oude  oudn) (ovoc  ovon
Oy oy \0Edy 0Ondy o0& dy  On oy

_ Oudv ee | OudU Ly  OuOU ey | OuDU ey

- 85 65 gyy + 877 angyy + ag angyy + 8?7 ag gy?ﬂ (42)

introducing the short notations for the geometric factors as Gt = %%, ad =

ooy p&n _ 0£0n €6 _ 0§05 o~mm _ OnOn En . 0§ On ;
Dz 0z’ gmx = 9x 90z gyy = oy oy’ gyy = By oy’ and gyy = dyoy- USlng the

expansion (35) for u,v € Vi, we derive the discrete operator for (40) including
(41)—(42) as

N N
N _e 87/’1 8¢{A = a¢1 61/]:/ =3 e
A (u,v) = ZZ Z 0% (/] 6; afj G ydr + afj 377j leJdr) ugj

E N N
e ij O35 01 Oij OVij ~on e
+ZZ 2% (/I o pe O e+ 5 TS UG T ) u (43)

where Jdr = Jd&dn. On each local element, the Jacobian J and the geometric
factors, defined by

Gl = (955 +955), G = (G + a5, (44)
G2 = (81 + G5y, G*% = (g1 + Gy, (45)

are introduced from the coordinate transformation and computed from the follow-
ing relation:

%% o\ (o % 10
J = 375 3;,7} from 375 QZ 8?] 6% = (01) (46)
9¢ On 9¢ In oz
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We apply the numerical quadrature on the GLL nodes for the integrations in
Eq. (43) as

i 31#;"— 5 ol 5 / ’
/1 agj afj G'ldr = kmzzo g/iinjkmwkwmli(ﬁk)lj(nm)lg(ﬁk)lj (mm), (47)

Py 2005 g i Gl T wrwmli (€)1 (nm)l; (€)1 (), (48)
18€ 87} _km:O kmkmkmzkjnﬂlikjnm:

0Py awij G lar = al G2l g L I I I 49
on oe r= ka:O ke Jem Wewmli (8, )15 (1) (€)1 (nm), (49)

/81/%;' 0¢%3gz2dr— XN: G221y wpwmli (1) () (€10 (1m) (50)
1 om0 _kmzokmkmkmzkjnmikjnmy

where GI(W)n and J,, represent the geometric values and the Jacobian at the nodal
points, respectively, and w; and ws, are the one-dimensional GLL quadrature
weights. Note that G;2, = G71 . We now have (40) in a discrete form as the follow-
ing:

E T 11 (~127¢€
e D G- G D e
wwo=3er 5] [@E] [B] e
E E
=) (@) DTG DU =) (v A, (52)
e=1 e=1

where the differentiation matrices with respect to £ and , D¢ and Dy, respectively,
are written as
D;=I®D and D, =D®I

in a tensor product form of the one-dimensional differentiation matrix Dy,; = (&)
and the identity matrix I in RVTDXWVHD  The entries of the one-dimensional

differentiation matrix are D;; = #&g?_m (i # 7); Doo = —W; Dyy =
M; ﬁii =0 (0 <4 < N), which is skew-centrosymmetric lﬁij = f]ADN,LN,j.
Equation (51) involves the pointwise multiplication of the nodal values u® = [uj]
by each diagonal component of G() = [Gl(')] = diag{_C’;,(C'T)an.mwkwm} for l = k+
(N 4+ 1)(m — 1) on the nodal points on each local element 2°. Let us denote the
stiffness matrix on 2 as A, using the local stiffness matrices A®, represented by

A1
A= A° with A°=DTG°D. (53)
. N
Then we can write Eq. (51) simply as

AN (u,v) = v Au. (54)
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Here we note that the matrix A is symmetric from the fact that
A9T = d'eD)’ =p”(G)"D =D7(G*)D = A“. (55)

Arithmetic Operations: The matrix A is never explicitly formed. We perform
matrix-matrix multiplication acting only on the block diagonal matrices A°. We
begin with the tensor product—based derivative evaluations (51) that can be recast
as matrix-matrix products on each element:

ue == (I® D)u® := D[u]", (56)
u; = (D@ = [u]°D7, (57)

where u“ is a vector arranged in columnwise consecutive entries of uj;, advancing

with the leading index (i) as shown in (38). In (56), u® is treated as an (N + 1) x
(N + 1) matrix, denoted by [u]® as

USO USI USN
we=| oo | (59)
uNo UN1 - UNN

This requires 2E(N + 1) operations on £2. The pointwise multiplications with the
geometric factors u; = G''ug + G'?u, and uy = G*'ue + G*u, require 6E(N +1)2
operations. Then we compute the summation of transposed derivative operators,
D¢u,+Dyuy, involving 4E(N+1)3+E(N+1)? operations. Thus the total operation
for Au is 6E(N +1)3 +7E(N 4 1)2. The leading-order storage requirement for the
factored stiffness matrix is 3E(N + 1)?, because of the relation G12 = Ga; on £2°.

Direct Stiffness Summation: The solution vector in (54) is based on the unassem-
bled representation, recalling Figure 2(a), without applying the continuity at the
element interface between neighboring elements. To construct the solution vector
continuous across element interfaces on the coincident nodal values,

(@ij, i) = (xgj,y;;)é — ujj = ufj for e#e¢, (59)

we introduce a Boolean connectivity matrix Q [22] that maps the global represen-
tation u to the local representation u, and its transpose Q7 that maps the local
representation u to the global representation u. Then we can define the following;:

u=Qu and u* =Q"u (60)

The action of Q on u returns the copy entries of u on the coincident nodes,
referred to as the scatter operation. The action of Q7 on u returns u* with the
sum entries of u on the coincident nodes, referred to as the gather operation. The
interior nodes are unchanged from both of the actions. Using these matrices, we
can rewrite Eq. (54) for the continuous solution u as

AN (u,v) =v"QTAQu = vT Au. (61)

For a continuous solution u in the local ordering representation, the following
equivalence holds:

QTAQu (QQT) Au. (62)
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We note that the gather-scatter operation QQ” can be viewed as a single op-
eration, involving summation of the variables on the shared interface nodes and
redistribution of them to their original locations within one communication. The
operation is referred to as direct stiffness summation, or simply dssum. In this paper,
we use the following notation for the gather-scatter operation:

dssum = QQT. (63)
In practical implementations, we write our algorithms in an element-based format
by utilizing matrix-vector products evaluated independently on each local element.
Thus it is natural to consider the dssum approach and perform the local-to-local
transformation as in the right-hand side of (62), that is, dssum(Au). We build
a local-to-global mapping array to handle the actions of Q and Q" without con-

structing Q and QT explicitly. A detailed description of the algorithms and parallel
implementations can be found in Chapter 4 and Chapter 8 of [22].

3.2 Mass Matrices

To obtain the mass matrix, we consider the following inner product:

B(u,v):/nuﬂdﬂ, (64)

which can be discretized as

I
(]

A’N N
Z Z ’L_)fj (/I wwzpider> ufj
Jj=

E N N N
=> > Y | D Temwrwmli(€)l (mm)L (61 (gm) | i

e=133=01%J=0 k,m=0
E E
=399 (M@ n)ut = 3 (0%) B, (65)
e=1 e=1

where M = diag{wy} is the one-dimensional mass matrix and J¢ = [J§] =
diag{Jym} for I = k+ (N + 1)(m — 1). We can denote the mass matrix B, us-
ing the local mass matrices B, as

Bl
B= B¢ with B® = J°(M ® M), (66)

.BE
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which is fully diagonal. Then we can write Eq. (65) simply as
B (u,v) = v Bu. (67)

For a continuous solution, Eq. (67) in the assembled representation can be ex-
pressed as

BY (u,v) =v'Q"BQu = v' Bu. (68)

3.3 The Quasi-Periodic Matrix

We consider the following inner product for the quasi-periodic operator in Eq. (25):

C(u,v) = / 2 5dn, (69)

which can be discretized as

e (u,v) =

Mz

Oy
J( . e %3‘“2) ui

c’wz
o5 ( ! 3 Jdr) s

1]
Il
-
o
-
&,
Il
o

I

M=
W’Mz 1= §1M

Mz

e=177—04,j=0
E N N
i Zzl i z—: z; T wrwmli (€)1 () (€)1 (om) |
E
— Z(@c)TJe <M ® 1\7[]5) ué = Z(QG)TJE (M o é) -
e=1 e

E
=Syt (70)

By convention, (69) could be referred as a convective operator in computational
fluids. In this context, this relates to the quasi-periodic term in (11) for oblique
incidence (a # 0). Thus we refer to it as a quasi-periodic operator, because the
operator is a derivative, resulting from imposing the periodicity for the quasi-
periodic solution in (10). Then, we define the quasi-periodic matrix C on (2 using
the local quasi-periodic matrices as

Cl
C= ce with C°=J°(M® C). (71)
. o
We can write Eq. (70) simply as

cN(u,v) = v Cu. (72)
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For the continuous solution, Eq. (72) in the assembled representation can be ex-
pressed as

cN(u,v) =3"Q"CQu = 3" Cu. (73)

3.4 Spectral Element Dirichlet-to-Neumann Operator

In this section, we formulate a spectral element discretization for the Dirichlet-to-
Neumann (DtN) map T. For simplicity we consider the operator T in the upper
layer, _Qa' and assume that the (¢,7m) coordinates of the element are aligned with

(z,y). Let us denote I' = U» ©_ I, where I'® = 2° 1912 are nonoverlapping bound-
ary surfaces on the local elements 2¢. We define a DtN-to-local mapping array
that contains the indices of the transparent boundary surface nodes (i, j, €) to the
local index (i, j,e) := DtN-to-local(i, j,¢é). We note that these nodes in y fall on
the index either with 57 = 0 or with j = N, which will be represented simply by a
fixed index as j = jp.

DtN Matrix T: We can represent our approximate solution on I'® in the form of

(35) as
Z ulili (€)1 (n(b)) Zufjbz (74)
1,j=0
From Egs. (32)—(33), we have

o

T(u,v):/FT[u]UdF: Z iﬂpﬁp/lﬂeid”m@da:, (75)

p=—00

where dp = 2%2 and 4, are the one-dimensional Fourier coefficients of u(z,b) on I’
given as

d ’ E A . ’
Up = é/o u(a’, b)e 9T da! ~ 22/ ) u (2, b)e 1T gy’ (76)
e=1"1"
Plugging (76) into (75) with a finite expansion of T[u] (|p| < P) and applying (74),
we have
E
T (u,v) = Z iBp dZ/ ué(a’ b)e r gy Z/ 1235l
p=—P e=171"°
P 1 E N E .
= X gD [ u@e | (3 [ e
p=—P é=1i=0 e=171°

Choosing U = [;(¢) with a different index set of i on each 02° and defining the
following,

sf’p: 7/ li(g)e_idpxldm/ and s

<5 )

B % /p L© N dr,  (T7)
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we can express (75) in a simplified form as

E N X E E N
T (u,v) Z Z ugj, Z iBps;” Z sg’_p = Z Z ug;, T, (78)
e=1i=0 ;

Here we note that sf’_p is the complex conjugate of sf’p from the following:

B 1 . 1 i 6 _
s$P = — L;(&)eidprdy = — 1;(&)el® dy = s&7P.
'3 \/a e 1(5) \/E e Z(é) 7

Thus we need only to compute sf’p for p > 0 to obtain

E P B
76 =1 (st Y0 D [t 4 ) )

e=1 p=1 e=1

where 8, = f_p only if a = 0; 8p # f—p for a # 0. Thgrefore7 no particular relation
can be found between g, and 5_, in general. Here Tfl is a complex number, so we
can alternatively write (78) as

T (u,0) = Zzum —Zzum[ TS ) reat + (T Yimasg)

é=11:=0 é=11=0

Now, we can map the values of Tfl into a matrix T® = {Tl?l} for I =i+ (N+1)5
and | = i+ (N +1)j from the DtN-to-local mapping (1,4, €) := DtN-to-local(z, 5y, €)
and (i, 7,¢e) := DtN-to-local(z, jp, €). Similarly, {um} can be mapped to the local
data {uf;}. Note that the entries of T¢ are zeros if the indices are not indicating
the DtN boundary nodes. We now have Eq. (78) in the local representation form
as

E
TV (w,0) =Y () T = v Tu = v (T, +iT))u, (80)

where T, and T; represent the real and imaginary part of the complex matrix T.
Thus we have the assembled representation of (80) as

TV (u,0) = v QT TQu = v/ Tu = v/ (T; +iT;)u.

For p in (32), we apply notation similar to that used for u. Then we have the

following:
E

FN(pv) =3 ()" Bp° =v'Bp=v"Fp,
e=1

with the assembled representation as
FN(p,v) =v'Q"BQp=v"Fp.

Matrix T: We next discuss how to compute sf’p in Eq. (79). Note that the data is
precomputed only once. One might apply the GLL quadrature for the integrations
when d, is small. For large dp, however, the GLL quadrature is not accurate enough
to capture the high-frequency modes, leading to loss of accuracy in the solution.
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One can consider the discrete FFT algorithm since it is the pth component of
the inverse DFFT of function [;(¢). However, since l;(£) has only a very small
portion of compact support on I'; we can compute it directly on its local compact
support using refined GLL quadrature points on each I'é. Another approach is to
use the relation to the Bessel function, which can be more efficient than the other
approach. )

In this paper, we discuss the computation of sf’p based on the Bessel function
representation. We have written [;(¢) in the finite expansion of the mth-order
Legendre polynomials given as

N
(&) = > (l)mLm(€), (81)
m=0
where ([;)m are the Legendre expansion coefficients defined by

1
(= 22552 [ 1@ Lm(ede (52)

Then, substituting (81) in (77) and using simply the notation =, instead of ', we
have

N 1
o= L [ e@)e e = = 3 (G ¢~idpa () yé )
=g e = 0 S ([t ©utae) (53

where J¢ is the surface Jacobian on I'°. In fact, each I'° is represented by an
interval [28;,, 2% .x] with the coordinate transformation by z(¢) = aeé + be with
e = (2&ax —751,)/2 and be = (z&ax +75,;,)/2, s0 that JE = a. is constant on I'¢.
Then, Eq. (83) becomes

~ N 1 o
ep _ 4 ; - e _ —id, (dc&+be
sSP = 7% ;O(li)mdﬁf with  ¢5° = / L (&)e™1dp(@ctbe) ge (84)

-1

Now we need to compute the two terms (;)m and ¢5¢, in (84). To compute (I;)m,
one might apply the GLL quadrature for the integration term in (82) as follows:

o 2ml 2m + 1
(i)m = —5 D L&) Lk )wy, = 5 Lm(&)ws. (85)
k=0

An alternative approach is to evaluate (81) on the GLL grids in [—1, 1], resulting
in the form

Lo(é) L1(%0) -+ Lm(éo) (lo)o (i) -+ (In)o
LL = ; : : ; : oo =1,

LO('fN) Ll(.fN) o+ Lm(éN) (ZO.)N ([1.)N (lAN.)N

and compute the inverse of the matrix L = [L;;] = [L;(&;)] to obtain L = [L,;] =
[(l)m] = L™L. To compute ¢&;°, we recall that the Legendre polynomials are related
to the Bessel functions as

1
—izx 1 2 2 .
1
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where jp, is the spherical Bessel function and .J,, is the ordinary Bessel function

with the relation
. T
Jm(x) = A/ %Jerl/Q(x)'

1
A s A 2 a7 2‘ R
ahi* = / Ln(€)eT O g — it (rmmdpae)) - (86)

Then, we can write

From (85) and (86), we have the final form of sf’p by

~  —id,b. N
Gee idpbe

Vd

é A 2 . N
s = (i), (iﬁ]m(dpae)> .

m=0

3.5 Matrix Structure and Eigenvalues

We arrange our solution as a real vector of length 2n expressed by u’¥ = [u, uV]T,
where u and ufv represent real and imaginary parts of the solution, respectively.
The spectral element discretization leads to a linear system:

HulV = F, (87)
where
A= (k=B +T: ~T; — 2aC _ [Fp,
= T; + 2aC A— (kK> -a®)B+ T, and F:= Fp, |’

Equation (87) in assembled representation can be expressed as

Hu' = F, (88)
where
o _[A-(K¥-a®)B+T,  -Ti-2aC +._ [Fe,
Hi= T; + 2aC A— (kK -a®)B+T: and 7= FBi

In Figure 3, we demonstrate the structure of matrix and its eigenvalue distri-
bution for our spectral element operator. For simplicity, we chose a simple box
geometry for the domain [0, 27] x [—1, 1] with equi-sized non-deformed rectangular
elements (3 elements in z and 2 elements in y directions) and a relatively small
N = 3. Figure 3(a) demonstrates the case of single layer with DtN boundary on
the top and Dirichlet boundary at the bottom and the wave number k£ = 1.5, and
Figure3(b) demonstrates the case of double layer, defining I'y at y = 0, with DtN
boundaries at the top and bottom and the wave numbers £ = 1.5 on the top layer
and k = 2.5 on the bottom layer.

In Table 1, we list the condition numbers for these operators. The resulting
linear system (88) is not Hermitian positive definite and thus it was natural choice
to consider the GMRES method [36] for its solution.
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Spatial Operator: Structure

Eigenvalue Distribution (?)
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(a) H for single layer with transparent/Dirichlet (top/bottom) BCs
Spatial Operator: Strucutre Eigenvalue Distribution (7)
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(b) H for double layer with transparent/transparent (top/bottom) BCs

Fig. 3 Spatial operator in matrix structure (assembled) and its eigenvalue distribution

Table 1 Condition numbers for H

Transparent (top)

Transparent (top/bottom)

E N Condition # E N Condition #
3 1.1873947E+4-02 3 | 5.9542135E+01
5 4.6002926E+-02 5 2.3470212E+02
3%2 7 | 1.1704056E+03 3%2 7 | 5.9022047E+02
9 2.4000224E4-03 9 1.2031346E4-03
11 | 4.2909436E+03 11 | 2.1437669E+03
13 | 6.9854623E+03 13 | 3.4825776E+03

4 Computational Results

In this section, we consider scattering returns by three types of periodic grating
surfaces: flat, smooth curved, and nonsmooth. We consider different angles of
incidence impinging on the scattering surface in singly and doubly layered media.
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) Mesh and GLL grids with E=4 x4, N =8

—“‘

1 -0.07406548 -1 1

) Real part of the scattered field Uscat' a = 0.1 (left) and a = 1.0 (right)

058778524 0.99725336 1 1
(c) Imaginary part of the scattered field U ,: with a = 0.1 (left) and a = 1.0 (right)

Fig. 4 Single layer: k = 1.5 (yellow); transparent (top) and Dirichlet (bottom) boundary
conditions.

We solve the scalar Helmholtz equation and compute the total field in a finite
computational domain with transparent boundary conditions enforced at artificial
boundaries based on the spectral element discretization. For validation of our
computational approach, in the case of a flat grating we compare our results with
analytic solutions and provide convergence studies. For smooth curved periodic
surface gratings, we consider sinusoidal grooves and compare our results with
those from the transformed field expansion (TFE) method [20,13]. For nonsmooth
periodic surface gratings (rectangular, triangular, and sawtooth) separating doubly
layered media we demonstrate the accuracy of our computational solutions by
studying the energy defect [4-6,16].

4.1 Flat Scattering Surface

To begin, we consider singly and doubly layered media with flat interface in the
z-direction. For these configurations, there exist analytic solutions for incident
waves at arbitrary angles of incidence k = (o, —f). Here we consider downward
propagating incidence with g > 0.

Single Layer: Consider a finite computational domain 2 = [0, 27| x [0, 1] with the
scattering surface defined by I'y = {(z,y) € 2 | y = 0} and the artificial boundary
defined at I' = {(z,y) € 2 | y = 1}. We apply homogeneous Dirichlet boundary
conditions on the scatterer I'y and a transparent boundary condition via the DtN
operator on I'. Figure 4(a) shows our quadrilateral element mesh with E = 4 x 4
and the GLL grids for N = 8. Considering the incident field

Usne(z,y) = ei(OMC—,@'(zHl))7
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) Mesh and GLL grids with E=4 x4, N =8

-0. 74924403 0.74933141 -0.65586883 0.65586883

) Real part of the scattered field Uscat' a = 0.1 (left) and o = 1.0 (right)

-0.25066751 0.74932921 -0.65586883 0.65586883

(c) Imaginary part of the scattered field UY_.: o = 0.1 (left) and o = 1.0 (right)

scat*

Fig. 5 Double layer: kT = 1.5 (yellow) and k~ = 2.5 (blue); transparent (top/bottom)
boundary conditions.

impinging on Iy, we can show the total field solution to be

Uexact(% y) = ellar=By+1) _ i(az+B(y—1))

For a fixed wavenumber k& = 1.5 in the single layer medium, we consider incident
waves for & = 0.1 and o = 1.0. Figures 4(b)—4(c) show the numerical solutions
of the scattered fields that are obtained by Subtracting the incident field from
the total field: UY,, = UN — UY_, where UY_ denotes the incident field Ugxact
evaluated on the GLL grid.

Double Layer: We now consider a computational domain 2 = [0,27] x [-1,1]
with flat scattering surface I'y = {(z,y) € 2 | y = 0} and artificial boundaries at
I=rtur-,where I' = {(z,y) € 2 |y=1}and I'" = {(z,9) € 2 | y = —1}.
We apply transparent boundary conditions here using the DtN operator on the
GLL points on I'. Figure 5(a) shows our mesh with £ =4 x 4 and the GLL grids
for N = 8. The incident field and analytic solution are given as follows:

— On 27 =[0,2n] x [0,1] with kT = 1.5 and g > 0:
Uinc(xvy) = ei(az—ﬁer)’
Uexact(x’y) _ ei(ax—ﬁer) + C+6i(a$+ﬁ+y).
— On 27 =10,27] x [-1,0] with k= =2.5 and 8~ > 0:

Uexact (m, y) — c—ei(am—ﬁ_y).
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0 GMRES: Iteration Count (dof= 2*n)
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(b) Double layer with flat interface

Fig. 6 Convergence and GMRES iteration counts versus mesh refinement with £F=4x4 and
N=3,5,7,9,11,13,15. The approximation order for the Fourier expansion in the DtN operator

is P =5.

Here the (Fresnel) constants are

- _ 28t c+=B+_B_
B+ 5 BT 5

C

Again, we consider incoming incident waves on 27 for & = 0.1 and a = 1.0, and we
simulate the total field. In Figures 5(b)-5(c) we display the scattered field UZ,;.

Convergence: Figure 6 depicts the outcomes of our convergence studies, measured
in the maximum error, for scattered fields in singly and doubly layered media:

error = ||USS — Ué\éat‘|007

where USEt = yexact _ 1, . is the exact solution for the scattered field. The

errors show spectral convergence as N increases. The approximation order for the
Fourier data used in the DtN operator is P = 5. Table 1 shows that the condition
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(a) Mesh and GLL grids: E=4x 4, N =8

L mn T mm
-1.09224939 0.07546112 0.99697882 1.03918016

(b) Real part of the scattered field ul,,: a = 0.1 (left) and a = 1.0 (right)

scat”

-0.62660313 0.99989468 -0.99796641 1.09119177

(c) Tmaginary part of the scattered field ul_.: o = 0.1 (left) and a = 1.0 (right)

scat”

Fig. 7 Single layer: k = 1.5 (yellow); transparent (top) and Dirichlet (bottom) boundary
conditions.

numbers increase as N increases, thus explaining why the errors do not improve
beyond 1071, Figures 6(a)-6(b) demonstrate the iteration count increasing up to
~ 900 for N = 15.

Computation: In practice, we transform UL into ul), = e71**UY_ and compute

the solution of Eq. (11) u N with periodic boundary treatment in z. Then, we
transform back to UY through the relation UN = el **yN | This approach makes
our algorithm much simpler by eliminating additional boundary treatments in
the z-direction. The same idea is applied for solving all other example problems
presented in the remaining sections.

4.2 Smooth Curved Scattering Surfaces

In this section, we examine singly and doubly layered media with smooth, curved
interfaces. Dirichlet and transparent boundary conditions are once again applied in
the y-direction. For these configurations no analytic solutions are available, so we
validate our results in comparison with results provided by the TFE method [20,
13].

Single Layer: Consider a computational domain 2 = [0,27] x [g(z), 1] with the
scattering surface defined by I'y = {(z,y) € 2|y = g(z)} and an artificial boundary
defined on I = {(z,y) € 22 | y = 1}. We choose a sinusoidal interface g(z) = € cos(z)
with the grating depth varying with e. We apply homogeneous Dirichlet boundary
conditions on I'y and the DtN operator on I'. Figure 7(a) displays the mesh with
E = 4 x 4 and the GLL grids for N = 8, representing g(z) with surface fitted
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) Mesh and GLL grids: E=4x4, N =8

-0.76638919 0.74716729 -0.71516794 0.70303833

) Real part of the scattered field Uscat' a = 0.1 (left) and o = 1.0 (right)

-0.28207076 0.75675029 -0.67566937 0.71175027

(c) Imaginary part of the scattered field UY_.: o = 0.1 (left) and o = 1.0 (right)

scat*

Fig. 8 Double layer: kT = 1.5 (yellow) and k~ = 2.5 (blue); transparent (top/bottom)
boundary conditions.

elements for the case of e = 0.1. We consider the incident field

Uine(z, y) = e**=0%)

with varying incident angles o = 0.1 and a = 1.0 for a fixed wavenumber k¥ = 1.5
with 8 > 0. The scattered fields are shown in Figures 7(b)-7(c).

Double Layer: Consider a computational domain 2 = 2~ U 27, consisting of
two different media 2% = [0,27] x [g(z),1] and 2~ = [0,27] x [~1,g(z)] with a
sinusoidal interface shaped by g(z) = ecos(z). We define the artificial boundaries
at '=TTuUl'", where I't = {(z,y) € 2 |y=1}and I'" = {(z,y) € 2 |y =
—1}. Figure 8(a) shows the mesh with £ = 4 x 4 and the GLL grids for N = 8§,
representing g(x) with surface-fitted elements for the case of e = 0.1. We consider
incoming incident waves

Uinc(xa y) = ei(azfﬁer)’
in 27 with k™ = 1.5 and 87 > 0 and varying incidence angles o = 0.1 and o = 1.0.
We choose the wavenumber k=~ = 2.5 on 27, and in Figures 8(b)-8(c) we show

the scattered fields.

Convergence: Figure 9 displays the convergence of our numerical solutions, mea-
sured in the maximum error, for the scattered field in singly and doubly layered
media in comparison with results given by the TFE method:

error = |Umht” — Ui oo
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GMRES: Iteration Count (dof= 2*n)
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(a) Single layer with smooth curved scattering interface
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(b) Double layer with smooth curved scattering interface

Fig. 9 Convergence and GMRES iteration counts versus mesh refinement with £F=4x4 and
N=3,5,7,9,11,13,15. The approximation order for the Fourier expansion in the DtN operator
is P=5.

Here ULEE is the scattered field approximation given by the TFE method. Our
solution UL, on the GLL grids is interpolated to the TFE grid in order to compute
the difference of the solutions on the same grids. The approximation order for the
Fourier data used in the DtN operator is fixed with P = 5. In Figure 9, the
errors show spectral convergence as N increases with the GMRES iteration count
increasing up to 1700 ~ 1900 for N = 15, as demonstrated in Figures 9(a)-9(b).
We note that computational results demonstrated throughout the paper, we used
tolerance of 1E-10 for the GMRES solution.

In Tables 2—4, we demonstrate the convergence of varying wave numbers and
P using the same mesh configuration as in Figure 8(a). In Table 2, we show
convergence for varying wave numbers, ranging k- = 2.5 ~ 32.5, with a fixed
kT = 1.5 and a relatively fine resolution with N = 17 and P = 9. The errors
increase because the resolution in terms of N and P is not enough to capture
the higher frequency waves well compared to the lower frequency waves as k™~
increases. In Tables 3—4, we used fine grid resolution with a higher N and observe
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Table 2 Convergence of errory = ||real(ULEE — UN_ )||oo, error; = ||imag(ULEE —UN_ )|loo

and GMRES iteration count for varying wave numbers with P =9 and N = 17.

g(z) = cos(x), Oblique Incidence a = 0.1
E kT, k) errory, error; iter #
(1.5,2.5) 1.7524E-10 | 1.6718E-10 2199
(1.54.5) | 1.2329E-10 | 1.3031E-10 | 2578
(1.5,8.5) 9.9584E-11 | 9.0917E-10 3373

16 (1.5,16.5) | 6.2485E-09 | 5.3194E-09 4846
(1.5,22.5) | 2.0038E-07 | 1.2528E-07 5784
(1.5,32.5) | 1.2439E-05 | 1.2840E-05 6742
Table 3 Convergence of error; = ||real(ULEE — UN )||oo, error; = ||imag(ULEE —UN )|l

and GMRES iteration count for varying P with N =11 and (k*,k) = (1.5,2.5).

g(z) = cos(z), Oblique Incidence oo = 0.1

E P errory error; iter #
0 | 4.0639E-01 | 8.5534E-01 1391
1 | 4.5017E-03 | 7.3669E-03 1304
2 | 2.8951E-05 | 2.0889E-05 1276
3 | 3.7341E-07 | 4.9301E-07 1248
16 4 | 9.1279E-09 | 1.4023E-08 1247
5 | 2.5614E-10 | 4.8626E-10 1247
6 1.1452E-10 | 1.1020E-10 1247
7 1.0750E-10 | 1.0557E-10 1247
8 | 1.0368E-10 | 1.0009E-10 1247
9 | 1.0414E-10 | 1.0169E-10 1247
Table 4 Convergence of errory = ||real(ULEE — UN_ )||oo, error; = ||imag(ULEE —UN )|l

and GMRES iteration count for varying P with N = 13 and (kT,k~) = (1.5, 8.5).

g(z) = cos(z), Oblique Incidence oo = 0.1

E error, error; iter #
1.6319E+00 | 1.3417E-+00 2601
5.9357E-01 5.6400E-01 2571
2.4980E-01 2.4801E-01 2550
4.8806E-03 5.9880E-03 2490
2.0239E-04 1.5874E-04 2432

16 2.0005E-06 1.4451E-06 2351

7.0879E-08 3.6509E-08 2381
3.0704E-10 2.8059E-10 2361
1.0474E-10 1.1638E-10 2386
9.7235E-11 9.9168E-11 2384
9.0224E-11 9.6817E-11 2384
9.3851E-11 9.8553E-11 2385

TR0 uo s wn = oYy

the convergence as we increase P. Table 3 demonstrates the convergence with
varying P with a fixed N = 11 and (k™, k™) = (1.5,2.5), showing that the relatively
small P = 5 is a good choice as k™ is relatively small. Table 4 demonstrates the
convergence with varying P with a fixed N = 13 and (K™, k™) = (1.5,8.5), showing
that the relatively higher P = 9 is a good choice as k™ is relatively large. As for the
convergence depending on the distance of the artificial boundary from the grating
interface, the detailed study can be found in [37].
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4.3 Nonsmooth Scattering Surfaces

To begin this section, we recall the scattering efficiencies and the energy defect
measure of convergence. With these, we examine the behavior of our algorithm
in a doubly layered media with rectangular, triangular, and sawtooth scatter-
ing interfaces, which severely challenge the capabilities of the TFE approach. We
demonstrate the convergence of our method using this energy defect measure.

Energy Defect: We recall the Rayleigh expansions (14) for the reflected and
transmitted fields,

o0 oo
Ut (2,y) = Z U;eiapm—&-iﬁ:;y’ U™ (2,y) = Z O ciorm=if, v, (89)

p=—00 p=—0C
and the efficiencies

By
B

which measure the energy at wave modes p propagated away from the grating
interface. It is a classical calculation to show that for lossless media, a principle of
conservation of energy [16] holds:

e+ D =1 (91)

pEKT peEK—

+ 2 2
e;:%’) o[ and e = |05 ] (90)

For an explicit demonstration we refer the interested reader to [20].

One measure of the fidelity of a numerical scheme for the approximation of
scattering returns from a grating structure is to test the validity of this principle,
for example, via the “energy defect” [16]:

€defect = |1 — Z 6;— + Z 6; . (92)

PEKT, [p|<P p€EK~, |p|<P

While it is not definitive, since the evanescent modes play no role in the energy
defect, it is certainly indicative of a convergent scheme.

Double Layer: We consider a computational domain 2 = 2~ U QT with 2T =
[0,27] x [g(x),1] and 27 = [0,27] x [-1, g(z)], including rectangular, triangular,
and sawtooth grooves for the scattering surface g(z), as shown in Figures 10-11.
Artificial boundaries are set at I' = I't U™ for I'" = {(z,y) € 2 | y = 1} and
I'" = {(z,y) € 2|y = —1}. We consider incoming incident waves U™(x,y) =
ei@e=B"Y) on O+ for varying incident angles of & = 0 and o = 0.2 with kT = 1.5
and 8T > 0. The wavenumber &~ = 2.5 is defined on 27, and Figures 10-11 show
the computed scattered field. In Table 5, we demonstrate the convergence of our
numerical solutions measured in the energy defect, showing spectral convergence
as N and the number of GMRES iterations are increased to 700 ~ 1400 for N = 9.
The approximation order for the Fourier data used in the DtN operator is fixed
with P = 5.
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. i
-0.9227668 1.02003419 -1.14826834 101800799
(a) Rectangular groove: a = 0.0 (left) and oo = 0.2 (right); (E, N) = (64,7)

-
-0.61584306 0.841712 -0.75721598 0.88281834
(b) Triangular groove: o = 0.0 (left) and oo = 0.2 (right); (E,N)=(48,7)

. .
-0.47784218 0.80574393 -0.74996638 0.80270696
(c) Sawtooth groove: a = 0.0 (left) and « = 0.2 (right); (E, N) = (48,7)

Fig. 10 Real part of the scattered field.

5 Conclusions

In this contribution we have studied quasi-periodic solutions of the scalar Helmholtz
equation in two dimensions in the context of layered media scattering problems.
We have considered singly and doubly layered media with periodic surface inter-
faces. We used body-fitted quadrilateral element meshes with spectral element dis-
cretization based on the GLL grids. We imposed nonreflecting, outgoing boundary
conditions at artificial boundaries which form a truncated computational domain.
We introduced an accurate formulation of the spectral element DtN operator by
representing the Fourier data in relation to the Bessel function, rather than com-
puting the Fourier coefficients using the GLL quadrature integration, which can
cause loss of accuracy depending on the grid resolution. Because of the quasi-
periodicity of the solutions and the appearance of the DtN operator, the resulting
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-0.40094882 115708935 -0.62421125 1.15547121
(a) Rectangular groove: a = 0.0 (left) and oo = 0.2 (right); (E, N) = (64,7)

L i L .
-0.44109842 075725263 -0.43818477 0.81267911
(b) Triangular groove: ov = 0.0 (left) and o = 0.2 (right); (E, N) = (48,7)

L i L T
-0.24106824 0.7538994 -0.2978352 0.79310834
(c) Sawtooth groove: a = 0.0 (left) and a = 0.2 (right); (E, N) = (48,7)

Fig. 11 Imaginary part of the scattered field.

linear system is not Hermitian positive definite. Therefore, we applied the GMRES
algorithm for solving the resulting linear system. We demonstrated our computa-
tional results for the scattered field and validated them with convergence studies
showing spectral convergence.
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